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In irreversible step-growth polymerization, the molecular-weight distribution (MWD) of the polymers 
produced can be controlled via the reaction path. In this paper, the effect of intermediate monomer feed 
on MWD in batch reactors or continuous plug flow reactors is investigated using a kinetic approach. It 
is found that the polydispersity index (Pw/PN) of the MWD can be made larger than 2 and that its 
magnitude can be controlled by the extent of reaction in the first stage (before additional monomers are 
fed), Pl, the final extent of reaction, pf, and the amount of monomer fed additionally, qS. For non-linear 
polymerization, the effect of intermediate monomer feed is more significant than that for linear polymers, 
and the extent of reaction at the gel point, Pc, can be lowered significantly. 

(Keywords: kinetics; step-growth polymerization; method of moments; polycondensation; molecular-weight distribution; 
modelling) 

I N T R O D U C T I O N  

Historically, a significant effort has been made to produce 
synthetic polymers with smaller variance of the 
molecular-weight distribution (MWD), i.e. mono- 
disperse polymers. However, in commercial polymeric 
materials, polymers with narrower distributions are not 
always superior to those with broader distributions, since 
various properties are required at the same time. For 
example, in the toner binders for copying machines, 
polymers with braoder distribution may be preferable 
because polymers with low molecular weights are 
necessary for the binder to adhere to the paper 
satisfactorily, while those with high molecular weights 
are needed to prevent them from sticking to the heat 
roller, which is called the fusing station ~. 

In step-growth polymerization, the MWD can be made 
broader by application of various reactor types such as 
the continuous stirred tank reactors (CSTR) and tubular 
reactors with a recycle loop z-5. However, these methods 
may possess shortcomings in that they need a long 
start-up period and have problems in the stability of the 
system. 

In this paper, a new method in which additional 
monomers are fed to batch reactors or plug flow reactors 
(PFR)  is considered 6'7. This policy is schematically 
shown in Figure I. Monomers are divided into two 
portions and one of them is fed intermediately at the end 
of stage 1. In this case the MWD would be controlled 
by the fraction of additional feed monomer, 05, the extent 
of reaction at the end of stage 1, Pl, and the final (or 
overall) extent of reaction, pe. Note that the final extent 
of reaction, pf, is the only variable to control the MWD 
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of polymers produced in batch reactors, plug flow 
reactors (PFR)  and homogeneous continuous stirred 
tank reactors (HCSTR).  

Various statistical derivations for the MWD in 
step-growth polymerization have been developed 8-16 
since the pioneering work of Flory 17'18 and Stock- 
mayer 19. However, in order to investigate the effect of 
reaction path, i.e. to apply to various reactor types other 
than batch reactors, kinetic approaches based on the use 
of material balances may have greater generality, 
although several attempts at statistical methods to 
account for the kinetic features of the reaction systems 
have been made 2°'21. As for the kinetic approaches, in 
order to solve an infinite set of differential equations 
describing the chemical kinetics, various techniques have 
been applied such as generating functions, Z-transforms, 
the continuous variable technique, etc. 2-5"2z-35. In this 
research, the method of moments was applied to the step- 
growth polymerization of several types, i.e. polymeriza- 
tions of (A-B) type monomer, of (A-A) type plus (B-B) 
type monomers, and of (Af) type monomers that have f 
functional groups. When f is larger than or equal to 3, 
non-linear polymers are produced and gelation may be 
observed during polymerization. In this research, the 
following simplifying conditions are assumed: namely, 
(1) the rate constant k is independent of the size of the 
polymer molecule, (2) reactions are irreversible, (3) there 
are no side reactions such as cyclization reactions, and 
(4) the density change of the reaction system during 
polymerization is negligible. 

THEORETICAL 

Step-growth polymerization of(A-B) type monomer 
Let us first consider the step-growth polymerization 

of (A-B) type monomer, in which the reacting functional 
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Figure 1 Schematic drawing of the intermediate monomer feed 
method by application of a batch reactor (a) and that of a plug flow 
reactor (b).  A fraction of monomers, ~b, is fed intermediately in the 
reactor 

groups A and B exist in the same molecule. Some 
examples of this kind of monomer are hexamethylene 
adipamide [COOH-(CH 2)4-CONH-(CH 2)6-NH2] 
and aminocaproic acid [COOH-(CH2)5-NH2].  Let 
the reaction between A and B groups occur irreversibly, 
according to second-order kinetics, with a rate constant 
independent of chain length, so that the overall decrease 
in concentration of end-groups is given by: 

d[A] _ d[B] _ k[A][B]  = - k [ A ]  2 (1) 
dt dt 

where t is the reaction time and k is the rate constant. 
Let us define the ith-order moment of the polymer 

molecule distribution, Q~: 

Qi = ~. n~[P,] (2) 
n = l  

where n is the degree of polymerization and [P,]  is the 
concentration of polymer molecule with degree of 
polymerization n. 

The monomer (P1) is consumed whenever it reacts 
with any molecular species, and its mole balance equation 
is given by: 

d[P1] /d t  = -2k[P1]Qo (3) 

where Qo is the zeroth-order moment of the polymer 
molecule distribution. 

The balance equation for P, (n ~> 2) is given by: 

n - 1  
d[P , ]  _ k Y' [Pj]EP.- j ]  - 2k[P,]go (n >~ 2) 

dt j=~ 
(4) 

From equations (3) and (4), the ith-order moment Qi is 
given by : 

dQ, _ k Q,_jQj - 2kQ,Qo (5) 
dt j=o 

Equation (5) can be used to calculate the MWD starting 
from any initial distribution. 

Now we are to consider the number- and weight- 
average degrees of polymerization as functions of the 
extent of reaction. Useful lower-order moment equations 
are as follows" 

dQo/dt = -kQ~ (6) 

dQ1/dt = 0 (7) 

dQ2/dt = 2kQ~ (8) 

Equation (6) is equivalent to equation (1). From 
equation (7), one obtains: 

Q1 = Qlo = constant (9) 

where Qlo is the initial value of Q1. Qo can be related 
with the extent of reaction based on a stoichiometric 
consideration, namely : 

g o =  ~ [P.] = [ A ] o ( 1 - p ) = g o o ( l - p )  (10) 
n = l  

where I-A] o is the initial concentration of A groups, p is 
the extent of reaction and Qoo is the initial value of Qo. 

Therefore, from equations (9) and (10), the number- 
average degree of polymerization, PN, is given by: 

gl  Qao PNO 
PN - - - (11) 

Qo Q o o ( 1 - p )  1 - p  

where PNO is the initial number-average degree of 
polymerization. By dividing equation (8) by dp/dt = 
kQoo(1 - p ) : ,  and by using equation (9), one obtains" 

dPw _ d(Q2/Q1) 2PNo 
- ( 1 2 )  

dp dp (I - p)2 

Equation (12) can be solved analytically. The weight- 
average degree of polymerization, Pw, is given by: 

2Pyop 
Pw = Pwo + - -  (13) 

1- -p  

where Pwo is the initial weight-average degree of 
polymerization. 

Note that when the effect of density change during 
polymerization is considered, equation (11 ) is still valid 
while equation ( 13 ) may need a modification. One should 
make it clear that equations (11) and (13) can be used 
for any initial polymer distribution. 

Now let us consider the case when some portion of 
monomer is added intermediately, namely, the inter- 
mediate monomer feed method. The notations used are 
shown in Figure 2. The number- and weight-average 
degrees of polymerization at the end of stage 1, PN1 and 
Pwl, and those at the start of stage 2, PN20 and Pw2o, 
are given by: 

Pm = 1/(1 - px) (14) 

Pwx = (1 + p,)/(1 - p~) (15) 
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Figure 3 Effect of the extent of reaction in stage 1, Pl, on the final 
average degree of polymerization, PN and Pw ((A-B) type). The final 
extent of reaction is pf = 0.95 and the fraction of monomer fed at the 
start of stage 2 is 4) = 0.5 

P N 1  
PN2O = (16) 

I + (PN~ --  1)gb 

Pw2o = (1 - ~b)ewx + (~ (17) 

The extent of reaction inside stage 2, P2, is given by : 

pf -- (1 - ~b)p 1 
P2 = (18) 

1 - (1 - ~b)px 

By substituting PN20, Pw2o and P2, which are given by 

equations (14 ) - (18 ) ,  into PNO, Pwo and p in equations 
(11) and (13),  respectively, one obtains the following 
equations : 

PN = 1/(1 -- pf) (19) 

- -  1 + (1 - 2q~)p~ 2[pf  - (1 - q~)Pl] 
Pw = + 

I - p ,  [1  - ( 1  - ~ b ) p ~ ] ( 1  - p f )  
(20) 

Note  that the number-average degree of polymeriza- 

tion, PN, is determined only by the final extent of reaction, 
pf, and cannot  be controlled either by the extent of  
reaction in stage 1, pl,  or  by the fraction of  m onomer  
fed at the start of  stage 2, 4). Figure 3 shows the effect 

step-growth polymerization." H. Tobita and Y. Ohtani 

of Pl on the average degree of polymerizat ion when the 
final extent of  reaction pf = 0.95 and the fraction of 
addit ional m o n o m e r  feed 4 )=  0.5. It is found that, in 
order to make the variance of MWD larger, the degree 
of polymerizat ion at the end of stage 1 must  be sufficiently 
large. Figure 4 shows the effect of 4) on the average degree 
of polymerizat ion when pf = 0.95 and pl = 0.9. If the 
final extent of reaction, pf, and the extent of reaction in 
stage 1, p~, are fixed, there exists a ~b value which makes 

the polydispersity index, PW/PN, maximum. Figure 5 
shows a three-dimensional plot that  shows the effect of 
both Pl and 4) on the weight-average degree of 
polymerization,  when pf = 0.95. (Note  that, since the 
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Figure 5 Effect of Pl and ~b on Pw when pf = 0.95 ((A-B) type) 
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Table 1 Kinetic scheme and individual mer concentrations 

Zeroth moment, Qo: 

dgo/dt = -kQ~ 

Qoo Qo = = Qoo( 1 - p) 
1 + kQoot 

[P1]: 

d[P1]/dt + 2kQo[Pl] = 0 
1 2 

[P2]: 
d[P2]/dt  + 2kQo[P2] = kiP1] 2 

' ] l  [P2] = ~ [P2]o+ Qoo Qoo \ ~ / J  

[&]:  
d[P3]/dt + 2kQo[P3] = 2k[P1][P2] 

[P3] = ~ [P3]o + Qoo ~ o 2 o  - \ Qoo 

= ( 1 -  3 P 2 
P)2[[P3]o+ 2[P, ]o[P2]O(Q~o)+ [Pl]°(Qoo)  ] 

[P4]: 

d[P4]/dt  + 2kQo[P~] = k(2[P1][P3] + [P2] 2) 

1 2 2[p1]o[p3]  ° + [P2]o 2 
[P,*] = ~ [P,*]o + Qoo Q2o 

+ [P2] 2 6[Pl]o2[pz]o 3[P1]o4"~( 1 ) - ( 2 [P1]°[pa]°  F + 

(3[P,]g[P;]o 3[P,]~'~( 1 ) z [P1]~( l )31 
+ \ Q2o + Qgo ,]\1 + kQoo t - Q~o \1 +-keoot 

= (1 - p)2/[P4] o + (2[P1]o[P3] o 
L 

- P)2[[P2]o + (Q~o)[P,]2 ] 

2LP,l y, 
+ 

~ooo ] \ 1  + kQ~otJ 

[P,]~ + 
e~o 

[P,]o3( + 

+ [Pz]o2)(Q~oo) + 3[PI]~[P2]O(Q~o) z+ [Pt]g(Q-@oo)31 

| 2 

relationship ( 1 -  ~b)pp 1 ~ p f  must hold (see equation 

(18)), the values of Pw at (Pl, tp) = (1, 0) and (0.975, 0) 
are not shown in Figure 5.) 

Since the ith-order moment equation is given, in 
principle, it would be possible to calculate the MWD. 
The Laguerre polynomials are usually used to calculate 
the MWD from moment equations 34'36-4°. However, 
this method is restricted, practically, to cases where the 
polydispersity index is not large, say less than 3, since 
the series does not converge rapidly. Here, we are to use 
a direct calculation method which was used by 
Stafford 32'33. The individual mer concentrations up to 
n = 4 are shown in Table I. Therefore, [ P . ]  in stage 2 
is given by: 

[P"] - [P,]2o + E [PJ]2o[P,-i]2o P 2  
(l -- p2) 2 i=l (Qo)2o 

(U + ~ [Ps]20[Pk]20[P.-i-k]20 
j=l, 
k=l 

+ ~, [PjJ2o[Pk]2o[Pz]2o[P,-j-k-t]2o 
j=l, 
k=l. 
1=1 

(21) 

where (Qo)2o is the zeroth-order moment at the start of 
stage 2, and [P , ]2o  is the concentration of polymer 
molecule with degree of polymerization n at the start of 
stage 2. The above equation can also be derived based 
on a statistical argument. Figure 6 shows one of the 
calculated results when Pl = 0.9 and q~ = 0.5. First, the 
height of the peak at n = 1 decreases, then the peak moves 
to larger n as shown in Figure 6. 

If polymer chains are severed randomly, any 
distribution approaches the distribution whose poly- 
dispersity index Pw/PN = 2 (refs 41,42 ). Therefore, when 
the effect of reverse reactions cannot be neglected, the 
breadths of MWD should be smaller than those 
calculated from the present investigation, so that these 
calculated results should be understood as the maximum 
breadth of the MWD for the intermediate monomer feed 
method. (This is a clear difference from a batch 
polymerization starting solely from monomers where 
reverse reactions do not change the 'most probable 
distribution' 18,28,32,43. ) 

Step-growth polymerization of (A-A) and (B-B) type 
monomers 

In general, the calculation of MWD for the polymer- 
ization of (A-A) and (B-B) type monomers is more com- 
plicated than that for (A-B) type. If the stoichiometric 
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Figure 6 Weight fraction distribution development during polymer- 
ization in stage 2 ((A-B) type), for Pl = 0.9 and ~b = 0.5 

imbalance, r = [ A ] o / [ B ]  o ( [ A ]  o ~< [ B ] o ) ,  is not  equal 
to unity, one needs to treat polymer chains with 
even-numbered n-mers and those with odd-numbered  
n-mers separately 17'18'23'33'34'44. In batch reactors 
starting only from a m o n o m e r  mixture, the weight 
fraction (or segment fraction) distr ibution:  

n [ P , ]  
W(n) - (22) 

~ = 1  n [ P . ]  

is shown in Figure 7. As shown in the figure, each 
distribution of the even-numbered and odd-numbered  
polymer  chains_follows a 'most  probable distribution' .  

We are to classify the polymer  chains into three groups 
as shown in Table 2. The mole balance equations can be 
written for batch reactors as follows: 

n - 1  
d [ A . ] _  ~ [ A i ] [ C . - J ]  

dt i= 1 

d[B. ]  , -1  

dr 
- T, [Bj][C._J 

j = l  

(2 L ) - l B . ]  [ A j ]  + [ C y ]  (24 )  
j = l  

d[C.]dr - 2 j = x [ A i ] [ B "  j+~] + ~ j . =  [ C j ] [ C . _ j ]  

) - [ c . ]  [ A j ]  + [ B j ]  + [ C j ]  
j 1 j = l  j = l  

(25) 

where t = 2kt, and k is the rate constant  which is defined 
with respect to the number  of  functional groups. 

The ith-order moment  of each type of polymer  chain 
distribution can be defined as fo l lows  

QA,i  = ~ ( 2 n -  1 ) i [A , ]  (26) 
n = l  

QB.i = ~ ( 2 n - 1 ) ' [ B , ]  (27) 
n = l  

Qc,, = ~ ( 2 n ) i [ C , ]  (28) 
n = l  

From equations (23 ) - (28 ) ,  it is straightforward to derive 

11o21 
4 

,/ 2 / " 

1 

0 
0 

J I i I 

i I t I 

I0 20 

Figure 7 Weight fraction distribution of the polymer chains formed 
from (A-A) and (B-B) type monomers in batch polymerization. The 
extent of reaction p = ([A]o - [A]) / [A]o  = 0.95 and 
[AJo/[B]o = 1/1.1 

Table 2 Notations used for the polymerization of (A-A) and (B B) 
type monomers 

Number of 
Notation Structure monomeric units 

A. (AA-BB). IAA 2n - 1 
B. (BB AA)._IBB 2 n -  1 
C. (AA-BB). 2n 

j = !  j = l  

(23) 
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the ith-order moment equations: 

- Qc,jQA,(i-j) - 2QB,oQA,i 
j = l  

(29) 

--  Qc,jQB,(i-j)- 2QA,oQB,i 
dz j= 1 

(30) 

dQc., ~=o~) 1 ~ ~ )  dz - 2 QA,jQB,(i-j) + ~ Qc,jgc,(i-s) 
j = 0  J 

- Qc,i(QA,o + OB,O + Qc,o) (31) 

Equations (29)-(  31 ) enable one to calculate the M WD 
starting from any initial distribution. We now consider 
the derivation of the number- and weight-average degrees 
of polymerization, PN and Pw. PN can be derived from a 
simple stoichiometric consideration. The mole fractions 
of functional groups of type A at time 0 and t are given by : 

[A]o  r - (32) 
[A]o  + [B]o  1 + r 

[A]  (1 - p ) r  
- (33) 

[A]  + [B]  (1 - p)r + (1 - rp) 

where r is the stoichiometric imbalance, r = [ A ] o / [ B ]  o 
( [A]o  ~< [B]o ) ,  and p is the extent of reaction which is 
defined with respect to the number of A groups, namely 
p = 1 - [ A ] / [ A ] o .  Therefore: 

p = l -  2Q°EA]/(EA] + [ B ] )  

2Qoo[A]o / ( [A]o  + [B]o )  

_ ( Q o ~ ( ( 1  + r)(1 - p ) )  
= 1 \~oooi\  - 1 + r ~  2rp (34) 

Solving for Qo/Qoo" 

Qo 1 + r - 2rp 
- -  - (35) 
Qoo 1 + r 

Since the total number of monomeric units does 
not change during batch polymerization, Q1 = Qlo 
( =  QA,1 + QB,1 + Qc,1) is constant. (Equations (29)-  
(31 ) also give this result.) Therefore" 

- -  QI ( l + r  ~ 
PN = Qoo - 1 + r ~ - 2 r p J  PNO (36) 

By solving the zeroth-, first- and second-order moment 

equations, one obtains the following equation for Pw (see 
Appendix)" 

Pw = Pwo + PN0 × 

p(1 + r){(X 2 + 4ab)[2- p(1 + r)] + 4X[(a + b ) -  (a + rb)p]}'] 

2(b-a)[pZ(a-r2b)-2p(a-rb)-(b-a)] ,] 
I 

(37) 

where a = (QA,o)o/Q1 and (QA,o)o is the initial value of 
QA,O, b = (Q,,o)olQa, and X is given by: 

X =  PNol \((QB'x )o Or- (QA,i)o ( l ~ r ) l  -- r 

(gA,o)o + (gB,O)O'] 
- Qoo / 

(38) 

When Pwo = PNo = 1, namely, starting from a monomer 
mixture, equation (37) reduces to: 

- -  (1 + rp2)(1 + r) + 4rp 
Pw = (Pwo =/:'No = 1) (39) 

(1 - rp2)(1 + r) 

which agrees with the result of other authors 8'33. 

Table 3 Equa t ions  for the ca lcu la t ion  of the number-  and  weight -average  degrees of po lymer iza t ion  for the in te rmedia te  m o n o m e r  feed me thod  

( (A-A)  + (B-B) type m o n o m e r s )  

m 
Number -ave rage  degree of po lymer iza t ion ,  PN : 

l + r  
P~- 

1 + r -- 2rpf 

Weight -average  degree of po lymer iza t ion ,  Pw : 

p2 ( l  + r2 ){(Y 2 + 4a2ob2o)[2 - p2(1 + r2)] + 4YUa20 + b20) - (a20 + r2b20)P2]} 
Pw = Pw2o + PN2o 

2(b20 - a20)[p2(a20 - r~b20 ) - 2p2 (a20 - r2b20 ) - (b20 - a20)]  

with 

=(, 
Y \~N20] \  1 + r2/ (a2° + b20) 

(QB, I )2o - (QAA)2o (9 1 -- r . ./'1 -- r'~//1 + rp2~'~ 
: : 

t/ (QI)20 1 + r 

a 2 o -  (Q1)zo ~ ( 1 - r p l ) 2 - r ( 1 - P l ) 2  + ¢  ~ + r  

( Q 1 ) 2 ~  l ~ r  ( 1 - r p l ) 2 - r ( 1 - p l )  2 + 

PN1 - -  l + r  
PN:o - PN, - 

1 + (PN~-- 1)dp 1 + r - 2 r p t  

(1 + rplZ)(l + r) + 4rpt 
Pw2o = (1 -- (9)Pw, + ~ Pwl = 

( 1 - - r p ~ ) ( l + r )  

pf - (1 -- ¢ ) P ,  r [ ( l  -- ~b)(1 - P l )  + ¢ ]  
P2 r 2 =  

1 -- (1 -- (9)p, (1 -- ~b)(1 - rpl ) + (9 
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Figure  8 Effect of pl on Pw ( (A-A)  + (B-B) type) ,  for pf = 0.95, 
4~ = 0.5 and  r = 0.95 
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Figure  9 Effect of 4~ on Pw ( (A-A)  + (B-B) type) ,  for pf = 0.95, 
Pl = 0.95 and r = 0.95 

When some portion of the monomer mixture is added 
intermediately, the equations shown in Table 3 can be 
used to calculate the number- and weight-average degrees 
of polymerization. (The notations used are shown in 
Figure 2.) Note that PN is the same as that for batch 
polymerization, so that it cannot be controlled by either 
Pl or 4~. 

Figure 8 shows the effect of Pl on the weight-average 
degree of polymerization, Pw, when pf and q~ are fixed. 
Figure 9 shows the effect of ~b on Pw when pf and Pl are 
fixed, and Figure 10 shows a three-dimensional plot for 
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Pw when the final extent of reaction pf = 1. For batch 

reactors, the maximum attainable value for Pw is 78 when 
r = 0.95; however, if the intermediate monomer feed 

method is applied, the maximum value for Pw increases 
to 127. 

Step-growth polymerization of A I type monomer 
Next, let us consider the cases where monomers with 

f functional groups ( f  ~> 2) polymerize. For f = 4, the 
etherification of pentaerythritol [ ( C ( C H z O H ) 4 ]  may 
fall into this category. If the functionality, f ,  is larger 
than or equal to 3, non-linear polymers are formed, and 
a polymer with infinite molecular weight, i.e. a gel 
molecule, may be formed in the course of network 
formation. For example, if the functionality f = 3, 
gelation is predicted to occur at the extent of reaction 
p = 0.5 for batch reactors TM. On the other hand, in a 
homogeneous continuous stirred tank reactor (HCSTR),  
the system becomes unstable when the extent of reaction 
p > (3 - 2,,/2) ~ 0.17, and therefore the maximum 

polydispersity index is limited to (Pw/PN)max = 

4/1.35 -~ 3 (ref. 35). As will be shown in this section, the 
breadth of MWD can be controlled easily by application 
of the intermediate monomer feed method. 

The number of functional groups for a polymer chain 
with degree of polymerization n is ( f -  2)n + 2, and 
therefore the mole balance equations are given by: 

d[P,] 

dt 

d [ P , ]  

dt 

j = l  

- -fkEP1] ~ { ( f -  2)]' + 2 } [ P J  (40) 
j = l  

- { ( f - 2 ) ( n - j ) + 2 }  
2j= l  

x { ( f -  2)j + 2 } [ P , _ j ] [ P J  

- { ( f -  2)n + 2 } k [ P . ]  

{ ( f -  2)j + 2 } [ P J  (n>~2) (41) 

Pw 

T 1 

Figure  10 E f f e c t o f p l a n d q ~ o n P w ( ( A - A  ) + ( B - B ) t y p e ) , f o r p f =  1.0 
and  r = 0.95 
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where the rate constant k is again defined with respect 
to the number of functional groups, so that : 

d [ A ] / d t  = - k [ A ]  2 (42) 

From equations (40) and (41), one obtains: 

dQi- ~ nld[P"~ ] 
dt ,=1 dt 

2~ 

x { ( f -  2)Qi+,_j + 2Qi_j} / 

- k { ( f -  2)01+ 1 + 2 Q , } { ( f -  2)01 + 2Qo } 
(43) 

Since the ith-order moment equation is given, in 
principle, it is possible to know the M W D  starting from 
any distribution. 

We now consider the derivation of the number- and 
weight-average degrees of polymerization. The number- 
average degree of polymerization, PN, can again be 
derived from a stoichiometric consideration. The 
concentration of functional group [A] is given by: 

[ A ] =  ~, { ( f - 2 ) n + 2 } [ P , ] = ( f - 2 ) Q 1  +2Qo 
n = l  

(44) 
On the other hand, since [A] = [A]o(1 - p)" 

( T - 2 ) Q  1 +2Q o = [ ( f - 2 ) Q 1  o + 2 Q o o ] ( 1 - p )  (45) 

Since Q 1 does not change during batch polymerization : 

Q1 2PNo 
P N - -  

Qo [ ( f -  2)PNo + 2](1 -- p) -- ( f - -  2)PNo 
(46) 

The weight-average degree of polymerization can be 
derived as follows. From equation (43): 

dQz/dt  = k [ ( f -  2)Q 2 + 2Q1] 2 (47) 

By application of the extent of reaction, p, equation (42) 
can be written as: 

dp/dt  = k[A]o(1 - p ) 2  

= k [ ( f -  2)Qto + 2Qoo](1 - p)2 (48) 

From equations (47) and (48): (1) dQ2 _ [ ( f -  2)02 + 201] 2 (1 
dp [ ~ - 2  2 ) 0 1 o +  2Qo~o] p)2 

o r  

(49) 

dPw _ [ ( f -  2)Pw + 232// PNO 
(5O) 

(Note that Q1 = 01o.) Equation (50) can be solved to 
give' 

[ ( f - -  2)Pwo + 2] [ ( / - -  2)PNo + 2](1 -- p) 
nw = m m 

( f -  2){ [ ( f -  2)PNo + 2](1 -- p) -- ( f - -  2)PN0[( f -  2)Pwo + 2]p} 

Equations (46) and (51) can be used to calculate the 
number- and weight-average degrees of polymerization 
for irreversible step-growth polymerization starting from 
any initial distribution. 

When the intermediate monomer feed method is used, 
th_e equations shown in Table 4 can be used to calculate 
PN and Pw. We now consider some of the calculated 
results for functionality f = 3. Figure 11 shows the effect 
of Pl on the average degree of polymerization when 
pf = 0.4 and ~b = 0.5. When Pl is larger than 0.5, gelation 

i00 

8O 

60 

40 

2O U 
PN 

' 0' 0' 0' 0.I .2 .3 . 01s 
p l  

Figure 11 Effect of PI on the average degree of polymerization (A 3 
type), for pf = 0.4 and ~b = 0.5 

T a b l e  4 Equations for the calculation of the number-  and weight-average degrees of polymerization for the intermediate monomer  feed method 
(Af type monomer)  

Number-average degree of polymerization, PN : 

PN = 2/(2 -- fp,) 

Weight-average degree of polymerization, Pw 

[ ( f  -- 2)Pw2 o + 2 ] [ ( f  -- 2)PN2 o + 2](1 -- P2) 
Pw = 

( f  -- 2 ) { [ ( f  -- 2)PN2 o + 2](1 -- P2) -- ( f  -- 2)PN2o[(f  -- 2)Pw2o + 2]P2} 

with 

PN2O PN, p N ~ = ~  2 

1 + (PN, - -  l)q$ 2 - - f p ,  

l + p l  
Pw2o = (1 - ~b)Pwl + q~ Pw~ 

1 - -  ( f  - -  1 ) p ,  

pf -- ( 1 - -  qS)p 1 
P 2 - -  

l - -  ( 1  - -  O ) P l  

f - 2  
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Figure 12 Effect of ~b on the average degree of polymerization (A 3 
type), for pf : 0.4 and p~ = 0.4 

15 

0 . 5  

14 

Pw 

Figure 13 Effect o fp l  and ~b on Pw (A3 type), for pf = 0.4 

should be observed in stage 1. When 0.43 < p~ < 0.5, 
gelation is predicted to occur before the final extent of 
reaction pf reaches 0.4. Figure 12 shows the effect of 4' 
on the average degree of polymerization, and Figure 13 
shows the effect of both pa and 4'. As shown in these 
figures, the intermediate monomer feed method changes 
the M W D  more significantly than that for linear 
polymers. 

It is well known that gelation occurs earlier for 
polymers with broader distribution. By application of 
the intermediate monomer feed method, the extent of 

step-growth polymerization. H. Tobita and Y. Ohtani 

reaction at the gel point, pc, can be made lower. Gelation 
is predicted to occur when the denominator of equation 
(51 ) goes to zero, and therefore the extent of reaction in 
stage 2 at the gel point, (P2)~, must satisfy the following 
equation : 

[ ( f -  2)PN2o + 2][1 - (Pz ) J  

- ( f - 2 ) P N z o [ ( f - 2 ) P w 2 0 + 2 ] ( p 2 ) ¢ = 0  (52) 

By application of the equations shown in Table 4, the 
final (overall) extent of polymerization at the gel point, 
(pf)~, is therefore given by: 

4 ' P l [ ( f  - 3) + p l ( f  2 - 4] '+ 5) 
- 4 ' P l ( f -  2 )  2 ] - (1 - P l ) 2  

(Pf )c  --  
(f--1)[-4 'pl(p~ + f - 3 ) - - ( 1 - - p ~ ) 2 ]  

(53) 

Figures 14 16 show the calculated results for f = 3. If 
the added monomers are mixed completely at once, the 
onset of gelation would be controlled in the range 
0 < (Pf )c  ~< 0.5.  

( P f ) c  

0 . 5  

0 . 4  ¸ 

0 . 3  ¸ 

0 . 2  

o . t  

0 . 3  

0 . 5  

. . . . . . . . .  0 . 9  

I I I I t 

0.i 0.2 0.3 0.4 0.5 

pl 
Figure 14 Effect of Pl on the final (overall) extent of reaction at the 
gel point, (Pr)c (A3 type) 

( P f ) c  1 = 0.35 
0.45 "x ""-. -. / i  11" /i I 

"-. - .... [2 ,' 

0.4 ~, ," 
I 

"'" " 0 . 4 5  

0.35 

I I I 0 I 
0.2 0.4 0.6 .8 

Figure 15 Effect of q5 on (Pf)c (A3 type) 
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4 

3 

Figure 16 Effect of pl and ~ on (pf)~ (A 3 type) 

. 5  

( P f ) c  

C O N C L U S I O N S  

The in te rmedia te  m o n o m e r  feed me thod  is a convenient  
way to con t ro l  the M W D  in s tep-growth  po lymer iza t ion .  
The var iance of M W D  can be cont ro l led  by three 
variables,  namely ,  the extent  of react ion at the end of 
stage 1, Pl ,  the final (or  overa l l )  extent  of react ion,  pf, 
and the fract ion of  m o n o m e r  fed at the s tar t  of s tage 2, 
~b. In  o rder  to b roaden  the M W D  effectively, the extent  
of react ion in stage 1 should  be sufficiently high. There  
is an o p t i m u m  ~b to maximize  the var iance  of M W D  for 
a given set of  p~ and  pf. In non- l inear  po lymer iza t ions ,  
the effect of  in te rmedia te  m o n o m e r  feed is more  
significant than  that  for l inear  po lymer iza t ions .  The onset  
of gelat ion,  Pc, can be cont ro l led  in a wide range by 
app l ica t ion  of  the in te rmedia te  m o n o m e r  feed method .  

M a n y  simplifying assumpt ions  are used in this 
research,  namely  : 

(1) The rate cons tant ,  k, is independen t  of the size of 
the po lymer  molecule.  

(2)  React ions  are irreversible.  
(3) There  are no side react ions  such as cycl izat ion 

react ions.  
(4)  The  densi ty  change of the react ion system dur ing  

po lymer iza t ion  is negligible. 

Therefore,  in a real system there would  be a devia t ion  
from the present  results quant i ta t ively .  However ,  we do  
believe tha t  the present  inves t igat ion will give great  
insight into the deve lopment  of a me thod  of cont ro l  of 
M W D  in s tep-growth  po lymer iza t ion .  
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A P P E N D I X  

Derivat ion o f  the weight-average degree o f  po lymer iza t ion ,  

Pw,  f o r  the po lymer i za t ion  o f  ( A - A )  and ( B - B )  type 
monomers  

In o rder  to derive the funct ional  form of  Pw, let us 
consider  the zeroth- ,  first- and  second-order  m o m e n t  
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equations. From equations (29)-(31)  in the text: 

dQA,o/dz = --2QA,oQB,o (A1) 

dQB,o/dT = --2QB,oQA,o (A2) 

, = - ~Qc,o - Qc,o(QA,o + QB,o) dQc o/dz  2QB,OQA,0 1 2 
(A3) 

dQA,1/dz = 

dQB,1/d'r = 

dQc, 1/dr = 

dQA,2/dz = 

dQB,2/dz = 

dQc,2/ d'r = 

Qc,IQA,o - 2QAAQ~,o (A4) 

Qc, lg . ,o  - 2O. , iQ. ,o  (A5) 

2(QAAQB, o + QaAQA,o) 

- Qc, I(QA,o + Q.,o) (A6) 

Qc.2QA,o + 2QA,1Qc,1 - 2QA,2QB,o (A7) 

Qc,2QB,o + 2QB,1Qc.1 - 2QB,2QA.o (A8) 

2(QA,2Qa,o + 2QA,1QB,1 + QB,2QA,o) 

+ Q2c.1 - Qc,2(QA,o + QB.o) (A9) 

From equations (A7)-(A9) ,  the second-order moment, 
Qz ( =  QA,Z + QB,2 + Qc,2), is given by: 

dQz /dv  = Q~ - (QB, a - QA,1)2 (A10) 

From equation (A1) and (A2), (Qn,o - Q A , O )  is kept 
constant during batch polymerization, A stoichiometric 
consideration gives : 

QB,O -- QA,O = Qoo( 1 - r)/(1 + r) = L = constant 
(A l l )  

By substituting equation (AII ) into equation (AI),  one 
obtains : 

L(QA'°)°~ (AI2) 
QA,O = L + (QA,o)o(1 -- ~) 

where L = QB.O -- Q..o and ~ = e x p ( - 2 L z ) .  From 

equations (A4), (A5)and  (Al l ) ,  ( Q B ,  1 - -  QA,X) is given 
by: 

d(Qa,1 - QA,1)/dz = LQ1 - (QB,1 - QAA) 

× (QA.o + Q,.o) (A13) 

Equations (A11 )-(A13) give the following equation : 

J¢ 
Q . , 1  - Q . , 1  = Q1 + b ' - a ' ~  b ' - a ' ~  

x {[(gB,,)o -- (gA, , )o]L -- g l ( a ' +  b')} 
(A14) 

where a' = ( Q A , o ) o  and b ' =  (QB,o)o. 
From the relationship between the extent of reaction, 

p, and the time, r ( =  2kt) ,  namely: 

dp Qoo 
- ( I  - p ) ( l  - rp) (alS) 

dr 1 + r  

can be expressed by using p as follows: 

( 1 - -  P'] 2 (A16) 

From equations (A10) and (A15), one obtains: 

dQ2 _ (1 + r )[Q 2 - (g . , l  - QA,,) 2] (A17) 

dp Qoo(1 - p)(1 - rp) 

Since Q1 is constant during batch polymerization, the 
above equation can be rewritten as follows: 

dPw - PNO ((1 + r)[1 -- (Q.,I - (AI8) dp _ ( 1 - - p j ( i ~ r ~  1)2/Q2])  

By application of equations (A 14) and (A 16 ), equation 
(A18) can be solved analytically to give equation (37) 
in the text. 
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